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Optimization for an Isoflux Pattern From a Multiring
Microstrip Array via Least-Squares Regression

Seong-Yeop Jeong, Teak-Kyung Lee , Member, IEEE, and Jae-Wook Lee, Member, IEEE

Abstract—This letter presents a novel optimization via the the-
oretical modeling of an array geometry for isoflux patterns from
a satellite antenna. The array has a multiring geometry capable
of realizing the source distribution and ring radii similar to a sinc
function shape. Additionally, the array uses the sequential chang-
ing of the phase excitations in order to favor circular polarization.
By means of the cavity model, a synthesized electric field from
the array antenna is formulated. For the desired isoflux pattern,
the formulated electric field is analytically optimized via the least-
squares regression iteration process. The results of the optimization
show the approximately uniform electric-field illumination on the
ground from a satellite antenna.

Index Terms—Antenna arrays, circular polarization, isoflux pat-
terns, optimization.

I. INTRODUCTION

IN SATELLITE applications, the efficient consumption of
limited energy has always received significant attention. To

save energy in satellite operations, the isoflux pattern, which
enables uniform power illumination over wide area of the Earth’s
surface, has been investigated in numerous studies. Within these
studies, helix, choke ring, horn, and crossed dipole antennas
were employed [1]–[4]. To reduce satellite weights and launch
costs, low-profile and lightweight planar array antennas have
been actively studied for satellites orbiting at various altitudes
[5]–[7].

In the literature, an isoflux pattern array was implemented in
a Galileo navigation antenna in which the geometry was hexag-
onal for good rotational symmetry [5]. The isoflux pattern was
realized via the excitations of the 180° phase difference between
the inner and outer sections of the array. For antennas that did
not rely as much on excitation devices, a multiring array was
adopted [6]. The excitations and the positions of array elements
were simultaneously optimized using an evolutionary optimiza-
tion algorithm. In addition, an optimization for the excitations
and positions of the elements was performed based on the sinc
or Bessel function to generate a desired pattern [7].

The complexity and time consumption of the optimization
procedure can be significantly reduced if the excitation opti-
mizations are analytically performed for the fixed element posi-
tions. An iteration process with respect to the element positions
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Fig. 1. Top view of general two-dimensional multiring array geometry on x–y
plane.

can subsequently be performed in order to obtain the isoflux pat-
tern. Given that the array geometry is likely to generate isoflux
patterns, an analytical approach is more powerful.

This letter presents a multiring array designed to generate an
isoflux pattern optimized for the uniform illumination on the
ground from a satellite antenna. Least-squares regression [8] is
employed as an analytical optimization tool for the excitations
for the array elements. By means of the iteration process with
respect to ring radii, the desired isoflux pattern is efficiently
realized. The potential to design a satellite array antenna for
use in medium Earth orbit (MEO) is, then, demonstrated with
20 elements. An isoflux pattern from the designed array an-
tenna is visualized, and it provides an approximately uniform
synthesized electric field on the ground.

II. MULTIRING ARRAY FOR ISOFLUX PATTERN

Using the Fourier transform relationship between the source
distributions and far-field patterns, the isoflux pattern in the
far-field region is obtained by manipulating electric current ex-
citations on rectangular microstrip patches. To make it possible
to radiate the isoflux pattern before the fitting optimization, the
array geometry must be capable of realizing current excitations
similar to a sinc function. One can see that the multiring array
in Fig. 1 makes it possible to radiate isoflux patterns.

In Fig. 1, the geometry of the array is composed of N rings, and
equal rectangular microstrip patches are used for all elements. In
each ring, microstrip patches are concentrically arranged with
equal angular intervals on the x–y plane. The patches in the
nth ring have the same excitation, en . Hence, the excitation
of patches in the array is expressed as an excitation vector,
e = [e1 , e2 , . . . , eN ]T . The radius from the origin to the cen-
ter of patches in the nth ring is dn . Thus, the radii of the
rings for the array in Fig. 1 are indicated by a radius vector,
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Fig. 2. Electric field and equivalent magnetic current on the side walls of two
patches.

d = [d1 , d2 , . . . , dN ]T . To find the best fit of isoflux patterns
on the ground, it is of interest to see how the electric field from
the array antenna is synthesized.

The patches in the ring are arranged symmetrically with re-
spect to the origin, and the excitations on each pair of patches
facing each other with the center of origin possess the same
amplitude and phase. The angular intervals between the pairs in
the ring are determined by considering both the patch size and
the minimum distance between patches to be larger than 0.5λ.
The number of pairs in the nth ring is assumed to be an even
number and is denoted by Mn . Then, the pairs of patches in the
nth ring are equally spaced by 180°/Mn in an angular direction,
as indicated in Fig. 1. In terms of phase differences, because
circular polarization is preferable in satellite communications,
the excitation phase of the two patches of each pair in a ring is
sequentially increased by 180°/Mn in the φ-direction. Because
the number of pairs is even in every ring, a pair of patches always
has another pair arranged in an orthogonal configuration, and
the excitation phases of the two pairs differ by 90° to generate
the circular polarization.

Considering the aforementioned arrangement, the formula-
tion of the synthesized electric field from the satellite antenna
is initiated by analyzing the far-field radiation from a pair of
patches. Fig. 2 shows a pair of patches in the nth ring, which is
symmetrically placed along the x-axis. The distances from the
origin to the center of the patches are dn .

In the array antenna, all of the microstrip patches have the
same dimensions. From the cavity model for the fundamental
mode [9], via the Equivalent Principle with the electric field on
the side walls of microstrip patches, the equivalent magnetic
currents are distributed as in Fig. 2 (L > W � h). The electric
field intensity in the far-field region radiated by these equivalent
magnetic currents on a pair of patches is

Epair(r, θ, φ) = en

[
Epair

θn (r, θ, φ) θ̂ + Epair
φn (r, θ, φ) ϕ̂

]
(1)

where en is the magnitude of excitation for the patches in the
nth ring, and

Epair
θn ≈ j8k0e

−jk◦r

πr
cos φ

[
cos (kxdn ) cos

(
kxL

2

)]

× sin (kyW/2)
ky

Epair
φn ≈ j8k0e

−jk◦r

πr
cos θ sin φ

[
cos (kxdn ) cos

(
kxL

2

)]

× sin(kyW/2)
ky

kx = k0 sin θ cos φ, ky = k0 sin θ sin φ.

Here k0 is the free-space wavenumber, and h is assumed to
be very small compared to the patch size.

Considering the aforementioned angular intervals and phase
differences in each ring, the synthesized electric field from the
entire array of patches in Fig. 1 can be expressed in the far-field
region by

Etotal (r, θ, φ) =
N∑

n=1

en

Mn −1∑
m=0

[
ej π m

Mn Epair
(

r, θ, φ − πm

Mn

)]

=
N∑

n=1

en

[
Etotal

θn (r, θ, φ) θ̂ + Etotal
φn (r, θ, φ) ϕ̂

]
.

(2)

In (2), it can be seen that the electric field intensity is syn-
thesized by adjusting two coefficient sets of excitation vector e
and radius vector d.

III. OPTIMIZATION OF EXCITATIONS AND RADII

The optimization procedure is carried out to obtain a uniform
magnitude of electric-field intensity on the desired illumination
region with the low side-lobe level. Radius vector d and ex-
citation vector e are iteratively optimized until the simulated
radiation pattern satisfies the mask pattern. In each iteration, the
excitation vector is optimized for a given radius vector. If the
error exceeds the limit in an iteration, a new radius vector d is
applied to the optimization process. It is of interest to learn that
how to determine the value of e that causes the magnitude of
the electric field intensity on the ground to become a constant
value, C, within the coverage angle as

∣∣Eground
∣∣ ≈ C 0 < θ < Θ ; 0 < φ < 2π (3)

where Θ indicates a half of the coverage angle.
Considering the geometry of the Earth and the altitude of the

satellite, the distance from the satellite to the Earth’s surface, rg ,
is determined for θ and φ. From (2), the electric field intensity
radiating from the array on the ground is

Eground (θ, φ) =
N∑

n=1

en

[
Eg

θn (θ, φ) θ̂ + Eg
φn (θ, φ) ϕ̂

]
. (4)

An array antenna with an isoflux pattern is designed by op-
timizing the excitation vector, e, in (4) to satisfy (3). This ex-
citation vector is optimized using least-square regression iter-
atively. The errors derived from (3) are calculated at sample
points within the coverage angle. The overall squared error, SE,
is given by

SE =
Q∑

q=1

P∑
p=1

[
C −

∣∣∣∣
N∑

n=1

en

[
Eg

θn

(
θp , φq

)
θ̂

+ Eg
φn

(
θp , φq

)
ϕ̂

]∣∣∣∣
]2

(5)

where P and Q are the number of sampling points in the θ and φ
directions, respectively. When 0 < θ < Θ and 0 < φ < 2π,
the sampling points are uniformly spaced in both directions.

When employing least-squares regression, SE must be par-
tially differentiable with respect to e. For the isoflux pattern, it
is assumed that the excitation takes a sinc function shape, en-
suring that the excitation of the patches in first ring, e1 , is much
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stronger compared to that of the other rings. Thus, SE can be
approximated as

SE ≈
Q∑

q=1

P∑
p=1

[
C −

N∑
n=1

en

∣∣∣Eg
θn (θp , φq) θ̂ + Eg

φn (θp , φq) ϕ̂
∣∣∣
]2

.

(6)
The excitations e1 , e2 , . . . , eN for the patches providing the

minimum SE are obtained by solving

[
∂

∂e1
SE

∂

∂e2
SE · · · ∂

∂eN
SE

]T

= 0. (7)

Through the inverse of the matrix from (7), the optimal exci-
tation vector for a given radius vector is given by
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where

En =
(∣∣∣Eg

θn (θp , φq )
∣∣∣
2

+
∣∣∣Eg

φn (θp , φq )
∣∣∣
2
)1/2

.

The optimized excitation vector e in (8) causes the magnitude
of the electric field intensity on the ground to be maximally
uniform at C.

The least-squares regression indicated by dotted line in Fig. 3
is a portion of whole iteration process. The parameter sets are the
initial radius vector, di = [d1i , d2i , . . . , dN i ]T , and the incre-
ment vector of the ring’s radii, α = [α1 , α2 , . . . , αN ]T . Start-
ing from the initial radius vector, in each iteration, the radius
vector, which is updated by the increment vector, is applied to
the least-squares regression. This iteration is carried out until
the simulated pattern satisfies the mask pattern. The increment
value of the first ring is the smallest for the fine optimization
because the influence of the first ring over radiation pattern is
stronger than that of the other rings. With the process in Fig. 3,
the desired solutions for e and d are efficiently found.

Fig. 3. Flowchart of iteration process.

TABLE I
PARAMETER SET (C = 9×10–6)

Initial Radius Vector (cm) Increment Vector of Radii (cm)

First Ring 13 0.5
Second Ring 24 2

TABLE II
ITERATIVE PROCESS RESULT

Excitation Vector Radius Vector (cm)

First Ring 5.8789 ×104 13
Second Ring −1.1209 × 104 40

IV. DESIGN OF AN MEO SATELLITE ANTENNA

To verify the optimization, a satellite antenna with an isoflux
pattern for use in MEO is designed to demonstrate the applica-
bility of the approach. It is assumed that the antenna requires a
coverage angle of around 20°, and the boresight of the antenna is
directed toward the center of the Earth. Additionally, the cross-
section of the Earth is assumed to be a perfect circle. The altitude
of the satellite is 23 616 km from the ground. The operating fre-
quency is 1.5 GHz, and the dielectric constant of the substrate
is 2.2. The dimensions of the patch are L = 6.7, W = 5.6, and
h = 0.157 cm. There are two rings, and the numbers of pairs are
M1 = 4 and M2 = 6 for the first and second rings, respectively.
To ensure that the minimum distance between patches exceeds
0.5λ, radii d1 and d2 need to be larger than 13 and 23 cm,
respectively. The parameter sets are in Table I.

From these parameter sets, the iteration process is conducted
using MATLAB. The consuming time for the optimization is
344 s and the number of iterations is 137. Table II gives the
results for the excitation vector and radius vector from the
iteration process, and these results are used to calculate the mag-
nitude of the electric field intensity on the ground in Fig. 4. One
can see that, within θ < 10◦, the maximum error percentage
between the magnitude of electric field on the ground and the
C value is around 5.56% at θ ≈ 10° in Fig. 4. From an approx-
imately uniform magnitude of the electric field on the ground,
a satisfactory isoflux radiation pattern is observed in Fig. 5(a)
with a coverage angle of over 20°. Our calculation in solid curve
is compared with the EM simulation by CST Studio in which
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Fig. 4. Magnitude of electric field on the ground.

Fig. 5. (a) Normalized radiation pattern. (b) Axial ratio of the designed array.

the probe feeding method was taken. The two patterns show the
same coverage angle and about 1 dB maximum difference. The
comparison in the main lobe validates that the suggested method
is suitable in optimizing an isoflux pattern. The difference in
the range of θ > 10◦ is interpreted due to the unideal surface
current distributions on patches in the EM simulation. The
calculated axial ratio is nearly close to the EM simulation, and
both are less than 2.7 dB in the range of θ < 10◦ in Fig. 5(b).

As expected, the intensity of e1 is around five times stronger
than e2 in Table II. In addition, the ring radii d1 and d2 corre-
spond to the mid-points between the origin and the sequential
nulls in the sinc function. This implies that the array geome-
try can easily follow a sinc function shape via the excitation
vector and radius vector, and the optimization is reasonable.
Moreover, the array has a relatively low number of elements (20
patches) and small diameter (86.7 cm) compared to [5]. In Fig. 6,
the pairs in the first and second rings are arranged with equal

Fig. 6. Top-view of satellite antenna array with 20 elements.

angular intervals of 45° and 30°, respectively. The excitation
phases denoted on the patches in Fig. 6 are sequentially in-
creased by 45° and 30° for first and second rings, respectively.

V. CONCLUSION

An optimization procedure for the design of an array antenna
with an isoflux pattern has been presented and verified for mul-
tiring geometry. Least-squares regression was employed as an
iteration algorithm to determine the optimal excitaton vector
and radius vector. From the results of the iteration process, it
was demonstrated that it was possible to design an MEO satel-
lite antenna with an approximately uniform electric field on the
ground within the coverage angle. Additionally, the designed
array showed a relatively small number of elements and diame-
ter. Through innovative research on feeding networks, it would
be possible to implement the proposed antenna. In addition, the
procedure could be exploited in the synthesis of other radiation
patterns with array antennas.
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